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Warp drive and causality
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Alcubierre recently exhibited a spacetime which, within the framework of general relativity, allows travel at
superluminal speeds if matter with a negative energy density can exist, and conjectured that it should be
possible to use similar techniques to construct a theory containing closed causal loops and, thus, travel
backwards in time. We verify this conjecture by exhibiting a simple modification of Alcubierre’s model,
requiring no additional assumptions, in which causal loops are possible. We also note that this mechanism for
generating causal loops differs in essential ways from that discovered by Gott involving cosmic strings.
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Alcubierre in an interesting recent pagél, hereafter re- lel to thex axis. The speed is an arbitrary function of time
ferred to as MA, demonstrated, with a specific example, thaaind neednot satisfy v <1, so that the bubble may attain
it is possible “within the framework of general relativity and arbitrarily large superluminal speeds. Fromy, (3), and(4) it
without the introduction of wormholes... to modify a space-follows that a locally inertial coordinate system at the point
time in a way that allows a spaceship to move with an arbi-r*0 is obtained simply by replacing by x—xq(t). Thus an
trarily large speed,” a phenomenon often referred to agpserver on a spaceship with position giverrit) =r(t) is
“warp drive” in science fiction. This possibility arises be- i free fall, moving along a timelike geodesic with proper
cause, although in general relativity two observers at thgjye equal to the coordinate tinte hence, along the world
same poin_t cannot have a relative velocity greater théhe  jine of such a shipfdr=At, the change in the coordinate
speed of light, henceforth set equal th the relative speed o and physical clocks on the ship will read the coordinate

of two distant observers may be arbitrarily large, EVeNime t. Sincet is also the proper time of observers at rest in

though both are moving mthm their own light cones; thls.the region outside the bubble, where space is flat, the space-
occurs, e.g., in a possible inflationary phase of the early Um-shi experiences no time dilation with respect to such ob-
verse, where arbitrarily large speeds of separation would re- P €xp P

sult from the expansion of spacetime itself. SErvers. I . . .
The model in MA involves a spacetime with metric given The possibility of superluminal speeds raises the question
by of whether closed timelike curve&CTC'’s), in which the

world line of an object returns to its starting point in space
ds?=—dr?=—dt}[1—v?f%(rg)]—2vf(rg)dxdt+dx? and time, can occur, along with their associated paradoxes.
Although this does not happen with the mefig, it is sug-
+dy?+dZ, (1) gested in MA that, using similar ideas, it is quite likely that
a spacetime containing CTC’s could be constructed. We
demonstrate below that this is indeed true, and that, should it
ro=[(X—Xo(1))?+(y—Yyo)?+2°]" (2)  be possible to attain superluminal speeds through the physi-
cal realization of a spacetime described by Ed5-(4), then
and the Lorentz invariance of flat space implies that spacetimes
containing CTC'’s could also be realized.
v=dx/dt. 3 As pointed out in MA, it is not at all certain that a space
described by the metrigl) is physically realizable. Of
course, in general relativity any metric is possible, given that
the energy-momentum tensor is related to the metric by the
Einstein field equations. However, the energy-momentum
tensor satisfying the field equations with the metric given by
0(_1) implies that the energy density within the bubble, as mea-
sured by some observers, will be negative, a requirement
reminiscent of the case of possible stable Lorentzian worm-
holes. It is well known that the existence of regions with
negative-energy density is allowed in quantum mechanics
f(rg)=1, ro<R, f(rg)=0, ro>R, (4)  [2]. However, it is by no means clear that a negative-energy
density can persist over macroscopic regions of spacetime
so that spacetime is flat with a Lorentzian metric outside 43]. In addition, the Hawking “chronology protection con-
spherical bubble of radiuR centered on the point, with  jecture,” if correct, implies that quantum effects conspire to
spatial coordinate§xy(t),yq,0) moving with speed paral-  prevent the formation of CTC'gt]. We shall have nothing to

where

The functionf falls off exponentially forr,>R with some
characteristic distance<R and rises to 1 in a distance of
order o for ry<R, with f(0)=1; a suitable form off with
these properties is given in MA. The constggt which we
take to be appreciably greater thBn so thatf(y,)~0, but
small compared to relevant astronomical distances, is intr
duced in Eq.(2) for reasons of convenience which will ap-
pear later. In the limito—0, f can be thought of as a step
function with
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say about these problems, but simply imagine that it is posFrom this it follows that whemw reaches the valugl/B)—1,
sible to create a spacetime described by @y.and explore the branch of the light cone af, on which x=(v+1)t
one of the consequences. crosses the axis in the primed system, and a light signal
Consider two starsS; and S, at rest in the coordinate emitted in the positivex direction from the spaceship will
system of Eq(1) and located on the axis atx=0 andx=D, travel in the negative’ direction ast or x’ increases. Let
respectively, withD>y,. On the x axis the metric is t; andt; be the values of’ labeling the events at which the
Minkowskian becauseg/>R; thus a light signal emitted speed of the spaceship increases and decreases, respectively,
along thex axis att=0 from S; will move so thatdx/dt=1  through v =1/8. [This will always occur provided5) is
and arrive a, att=D. On the other hand, consider a space-satisfied, since thew reaches a maximum value @/at
ship moving at the center of the bubble, and suppose thg=D/2.] In the time interval betweet, andt, the rocket-
bubble has)=0 initially and undergoes, e.g., uniform accel- ship itself travels in the negativé direction ast and x’
erationa for 0<x<D/2, and—a for D/2<x<D. Neglect- increase; i.et,<t;. For observers at rest outside the bubble
ing the time required to cover the small distance fpm0 i the primed systemdr=dt’ and hence the reading of
to y=yo and back, the spaceship will arrive & at the  pnysical clocks, including, presumably, the amount of infor-
spacetime point with coordinates=D andt=2\D/a=T.  mation stored in a human memory, will increase with in-
Thus if creasing coordinate timg. To such observers, “living for-
ward in t’,” it will actually appear that two spaceships,
a>4/D, (5  moving initially at infinite speedfrom the denominator in
Eq. (8)] in opposite directions along the axis appear sud-
D2-T2=D?[1-4/(aD)] >0, and the spaceship arrives at denly att’=t,. The one moving in the positive direction
S, before a light signal emitted at the same time and movinguill eventually reachS, at x'=X’; the one moving in the
in a straight line. Inertial observers at rest outside the bubbl@egative direction will appear to merge Ht=t; with a
on S; and S, will see the motion of the bubble with the spaceship originating &, at x=0 and disappear. Sinabr
spaceship at its center as superluminal, since it covers a dis=dt on the spaceship, the reading of physical clocks at rest
tanceD in a time intervalT <D. This is true even though the on the spaceship at the center of the bubble, will increase
spaceship moves at all times within its forward light cone;with increasing and hence decrease with increasihg The
settingd7*=0 atr'=r, in Eq. (1) one finds immediately that foregoing discussion is reminiscent of the “reinterpretation
the two branches of the ship’s forward light cone for light principle” introduced a number of years ago by Bilaniuk,
moving along thex axis are given b= (v=1)t, while the = Deshpande, and Sudarshgsi which played an important
spaceship’s world line is=vt. The spaceship beats the light role in discussions of the physics of tachyons. To observers
signal toS, not because its motion is spacelike but becauseputside the bubbles a theory in which bubbles of curved
in effect, the bubble acts like a wormhole and provides aspace moving with superluminal velocity exist would appear
shortcut fromS, to S,. very similar to a theory containing physical tachyons, i.e.,
Since a four-vector with component§,0,0D) is space- physical particles whose speeds are always superluminal;
like, the temporal order of the spaceship’s arrival and deparsuch theories are well known to involve causal lopgJs the
ture is not well defined; if we introduce a new set of primedclosed loops being tachyon world lines which are spacelike.
coordinates related to the coordinates of B9 by a Lorentz  The theory in MA differs, however, from one with tachyons
boost along thex axis with velocity parametes, the space- in that the world lines of all objects are timelike, even within
time coordinates in the primed system of the spaceship’s bubble withv>1, since the local speed of the objects is

arrival atS, will be x’=X" andt’=T’, where less thanc; hence causal loops can occur only if there are
CTC's)
X'=y(D—pB2\D/a), T'=y(2/D/a—BD) (6) The fact that the spaceship arrivesSatatt’<0 does not

by itself lead to the possibility of closed causal loops. These
with y=1/(1— 832 From Eq.(6) one sees thaf'<0 pro-  Will not occur in the space described by E), since for that
vided space the forward light cone of an eventtatt, includes
only events witht>t,; signals can only be sent in one direc-
a>4/(D B2). 7 tion in t. However, as we have seen, one can _flnd a solution
(DA @ in which signals can be sent backwardtiby taking a solu-

. . : . tion of the form of Eq.(1) in a coordinate system related to
Note that, provideds) holds, (7) is compatible with3<1 so the original one by Lorentz transformation. In particular,

that outside the bubble the new coordinates are just those | nsider a metric obtained from that in Ed) by replacing
a physically realizable Lorentz frame. Of course the image Ofbandt by Ax'=x'—X' andAt’=t'—T", respectivelyp (t)

the bu_bble will not be described by the metric of Ef) in by —v'(t'), a by —a’, andy, by —yo. This metric will thus

Jescribe a spacetime in which a bubble of curved space
r(Sriginates at’=T’, and moves along the line= —y,, z=0

from S, to S; with speedv’(t’) which increases uniformly
“during the first half of the trip and decreases uniformly dur-
ing the second half with acceleration of magnituale to

, observers outside the bubble and at rest in the primed coor-
di: dx/di—p ®) dinate system this bubble, which we will refer to as the
dt’ 1-pdx/dt’ primed bubble, will appear identical to the bubble of ED.

since the transformation to the primed coordinates is a pe
fectly well defined, and in fact simply a linear, coordinate
transformation. The Lorentz velocity transformation equa
tions give
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as seen in the original coordinate system, apart from théo the existence of the two bubbles, can be made arbitrarily
change of origin and direction of motion and possibly a dif-close to the sum of the energy-momentum tensors calculated
ferent choice of the acceleration. Since the two coordinat¢rom the metrics of the two bubbles separately. Hence if a
systems are equivalent by Lorentz invariafagart from the  spacetime of the type discussed in MA can be realized, it
presumably negligible perturbation arising from the stars’appears there should be no additional questions of principle
being at rest in one system and moving with spged the i creating the spacetime under discussion here containing
negativex direction in the othey if the spacetime of Eql)  the primed bubble in addition.

is phys]cally reah;able, so is the correspondlng_ spacetime | the space described by E4.0) there is a region within
containing the primed bubble. In the new m.etnc_we,_wnl one of the bubbles, both in the primed and unprimed coordi-
have_, by analogy with our previous discussiafy=dt ' ates, in which the “forward” light cone runs backward in
physical clocks on a spaceship at the center of the prime me, and CTC’s occur. Suppose a passenger leSyes a
bL.JIFble. will reSad fthe coordmallte t:jrrté, a_nfl_the sgégesglp spaceship traveling in the unprimed bubble, starting at
will arrive at S, aiter temporal and spatial intervald =0 - _{r— o ‘moving along the ling=y,, and arriving aS, at
andAx’<Q0, respectively, in the primed system. However, by,[~O t'=T'~—yBD, at which point the spaceship has
an argument precisely analogous to that given above, thg, e 14 rest and the bubble has disappeared. He now travels
sign of the time mterva! between 'the depar}ure .Of the SPaC&ne short distance ty=—y, at subluminal speed through
ship from S, and its arrival atS, will not be invariant, pro- g4 snace, and accelerates to sublight velogitgo as to be

videda’ is Iarge enr?ugh to sgti§fcyj/ the analolgt({ﬁj. In fact, at rest in the primed coordinatgdVe assume that this pro-
as we proceed to show, a|andx" decrease anl INCreases,  .qqq requires negligible time singg<D and, from Eq.(7),

itnd;(;rteiziséfr?vitgf<sopace3hlp will arrivépat t<T, and, g ay he small wher is large] The passenger can then
To ,sim lify the calcuiation consider an approximation in board a second spaceship bubble and travels baskitothe

which a aFr)1d a’, and conse L,Jentl the avergpe valuey of primed bubple, arriving att= Tl:-_’-BD’ _thus armving hom_e
dov’ ' | 9 h y h%l't D q before starting by a macroscopic time interval and carrying a

and v’, are very large, in the sense thdt<D an newspaper reporting on events which have not yet occurred.

At é_A.X ; Since we W"'.Sh only to demonstr_ate that CTC's This, of course, raises the problems with paradoxes always
are in prmqlple possmlg in the model, it suffices to consider,qqiated with closed causal loops. It would appear pos-
this limit, since ifv>1 is realizable at all, one expects that

there are no limits of principle on the possible values afr sible, e.g., to arrange a mechanism which ensures that a
. e . spaceship will depart frorg, att=0 if and only if no news
a. From Eq.(6) one sees that in this limiT~0, i.e., the b b b 1 y

. _ . of such an event has arrived fro8j at t<<0. This does not
travel of the,bubble fr,onsl 0S,1s app.roxma_tely Instanta- - oan that a model of the type introduced in MA is ruled out
neous, gnd( ~7D, T'~—yBD. We wish to f'nd. the vaIue_ as being logically inconsistent, but it does mean that in such
of t, Wh'Ch we denote byTs., vyhen the spaceship at rest in a model there are restrictions placed on the initial conditions.
the primed bubble arrives &, i.e., the value of whenx=0

) : _ ) That is, apparently if superluminal travel through some
for the primed bubble. Again using the assumption that the,echanism similar to that discussed in MA could actually be
accelerations are large, so thst'~0 andAt=T,—T~Ty,

= , , . realized, it would imply that the laws of physics include a
we haveAx=—D~ yAx" andAt~yBAx" from which principle of consistency, as discussed by Friedmgal.[7],
. which constrains the initial conditions on spacelike surfaces
T,~—-pBD<0 9) ) ! CHIRE
at times subsequent to the creation of closed timelike curves,

so thatT, can be negative and large. Note that in the limitSO as to ensure in some way that no contradiction arises; for
thata anda’ are both large the result is independent of theiréxample, the initial conditions might guarantee the failure of
values. the mechanism by which the previous arrival of news of the
Finally, imagine a spacetime with metric containing bothSpaceship’s departure prevents its later departure from occur-
the bubble of Eq(1) moving forward int but backward irt’ ring. While not I(_)glcally inconsistent, _such theorle_zs appear to
from S, to S, along the liney=y,, and the primed bubble, €nforce correlations which are certainly counterintuitive.

moving forward int’ but backward irt from S, to S; along Finally it may be useful to ask whether there is any rela-
y=—Y,. Explicitly, if we write the metric of Eq.(1) as  tion between the possible mechanism for the production of

9,,="7,,+,, and the metric, in the primed coordinates, of CTC's discussed here, referred to hereafter as the warp drive
the space containing only the primed bubblegds= 17/, (WD) mechanism, and the discovery by G@{ that CTC's

+k/’”, where 7, is the Lorentz metric, then we take the encircltla palirs o_f infinite, str_aight(,j.paralltlal cosmiq strir(gs_
metric, in the unprimed coordinates, of the space with bottfauivalently point masses '.nfﬂ imensions moving non .
bubbles to be given b, where colinearly and having suffI|C|entIy large mass a}nq relgnve
e speed. These two mechanisms are somewhat similar, in that
Guv= Ntk (10) in both cases (_:T(_:’s aris_e from a situation in which two
sources of gravitational disturbance move past one another
The deviations of5,, from Lorentzian form are the sum of on parallel, noncolinear paths. However, there are substantial
those due to the unprimed and primed bubbles, @)g differences between the two cases, arising from the different
manifestly varies smoothly across theaxis. Sincey,>R  physics in the effective two spatial dimensions of the Gott
andf(r) can be chosen to vanish arbitrarily rapidly for R, mechanism and in the three-dimensional space in which the
the overlap of the two bubbles can be made as small asiotion occurs in the WD case. The properties(2f1)-
desired, even when they pass each other, and hence tHhemensional gravity are reflected in the “angle deficit”
energy-momentum tensor obtained fr@y,,, corresponding  around infinite strings, producing a missing wedge with
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edges identified, in the surrounding flat spd@¢ A space- fected; all CTC's must pass through points on the world tube
ship in effect jumps instantaneously from one edge of theswept out by each of the two bubbles and as a result it is easy
wedge to the othefand can also jump forward or backward to see that no CTC can pass through any point outside a
in time depending on the string’s velocity relative to the spatial region with radius of orddd surrounding the two
spaceship in the reference frame in yige this way a cosmic  world tubes. Hence the sets of CTC's arising from the WD
string located betwee8, andS, allows a spaceship leaving and Gott mechanisms are quite different, indicating the two
S, to reachS, before a light pulse emitted fror8, at the  pechanisms differ fundamentally. One might try to extend
same time and traveling 8, along a geodesic passing on {he Gott mechanism to avoid the artifacts associated with
the opposite side of the string, so that the spaceship effegy , space dimensions by replacing infinite strings by parallel
tively travels faster than light, the missing wedge playing thestring loop segments long compared to their separation. In

roledof th?hAIcublerref?utz[bL(aor ofa W?%mhdz Wr;'cr ct%uld this case gravitational effects and CTC’s would be confined
produce the same effect by connectiSgand S,). In the to a finite region of space, as in the WD case. However, it

Gott mechanism, however, the motion of the indiVidualseems likely that, in this case, a singularity will be formed
strings and of the spaceship is subluminal, in contrast with y ' ' 9 y

the WD bubbles(However, because of the peculiarities of and the region of space containing the CTC’s will be hidden

gravity in 2+1 dimensions, the two-string system as awholeb_ehind an .event horizof8, 11]. If! on the °thef handl, no

is somewhat analagous to a single tachyt®l, although the singularity is formed, the formation of CTC's is forbidden
analogy is far from perfect11].) An additional difference Decause the system would have positive-energy density,
between the Gott and WD mechanisms is that, in the forme®ince the string energies are positive definite and momentum
the spatial region containing CTC’s extends to infirfiyg] ~ and energy are additive i3l dimensions, and Hawkirld]

and the boundary conditions at infinity are altefd@]. In  has shown that CTC's cannot be created, even classically, in
contrast, in the three space dimensions of the WD case grav@n asymptotically flat and singularity-free spacetime if the
tational effects are localized and conditions at infinity unaf-weak energy condition is not violated.
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